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Abstract
This paper investigated the uplink of multi-user massive multi-input multi-output (MIMO) systems
with a mixed analog-to-digital converter (ADC) receiver architecture, in which some antennas are
equipped with costly full-resolution ADCs and others with less expensive low-resolution ADCs. A
closed-form approximation of the achievable spectral efficiency (SE) with the maximum-ratio combining
(MRC) detector is derived. Based on this approximated result, the effects of the number of base station
antennas, the transmit power, the proportion of full-resolution ADCs in the mixed-ADC structure, and
the number of quantization bits of the low-resolution ADCs are revealed. Results showcase that the
achievable SE increases with the number of BS antennas and quantization bits, and it converges to a
saturated value in the high user power regime or the full ADC resolution case. Most important, this
work efficiency verifies that for massive MIMO, the mixed-ADC receiver with a small fraction of full-
resolution ADCs can have comparable SE performance with the receiver with all full-resolution ADCs
but at a considerably lower hardware cost.
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2I. INTRODUCTION
Massive multi-input multi-output (MIMO) systems, in which the base station (BS) is equipped
with a large number of antennas, have emerged as a promising technology for 5G systems because
of their significant advantages in energy efficiency and spectral efficiency (SE). However, the
huge hardware cost of the processing units associated with the antennas is a major issue in their
practical implementation. This motives the use of low-resolution analog-to-digital converters
(ADCs) with favorable low cost and low power consumption, especially when the number of
BS antennas is large or the sampling rate is high (e.g., in the GHz range) [1]–[3].
As recently reported in [4], a massive MIMO receiver with pure low-resolution ADCs suffers
from considerable rate loss in the high-SNR regime. When all ADCs have low resolution, time-
frequency synchronization and channel estimation are challenging and require excessive overhead
[1], [5]. In [1], a mixed-ADC receiver architecture was proposed for massive MIMO systems, in
which a fraction of the ADCs has full-resolution to promote system performance, and the others
have low-resolution in consideration of the hardware cost and energy consumption. By analyzing
the general mutual information [6], authors demonstrated that such a mixed-ADC architecture
can achieve a significant fraction of the channel capacity with a small number of full-resolution
ADCs [1]. In [5], the mixed-ADC receiver architecture was developed for multiuser massive
MIMO systems, in which a family of Bayes detectors were developed by conducting Bayesian
estimate of the user signals with GAMP algorithm. As massive MIMO is a newborn technology,
studying on the achievable spectral efficiency (SE) in massive MIMO with a mixed ADC receiver
architecture is of special interest.
In this paper, we aim to analyze the uplink achievable SE of multi-user massive MIMO systems
with a mixed-ADC receiver architecture. We adopt the low-complexity maximum-ratio combining
(MRC) detection and derive a closed-form approximated expression of the achievable SE. The
result reveals the effects of important system parameters, including the number of BS antennas,
the user transmit power, the number of quantization bits of the low-resolution ADCs, and the
proportion of full-resolution ADCs in the mixed structure, on the achievable SE. Simulations
show that the derived approximation is tight with the transmitter power pu < 10 dB or when
the number of quantization bits is moderate to high. Our work also shows that the mixed-ADC
massive MIMO receiver with a small fraction of full-resolution ADCs can have comparable SE
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3performance with the receiver with all full-resolution ADCs.
II. SYSTEM MODEL
We consider a single-cell multi-user massive MIMO uplink with N users and M (M≫N)
receiver antennas at the BS. A mixed-ADC architecture is used at the receiver to save on hardware
cost. The receiver has M antenna elements. However, only M0 antennas are connected to the
costly full-resolution ADCs, and the remaining M1 (where M1=M−M0) antennas are connected
to the less expensive low-resolution ADCs. Define κ , M0/M (0≤ κ ≤ 1), which is the
proportion of the full-resolution ADCs in the mixed-ADC architecture.
Let G be the M×N channel matrix from the users to the BS. The channel matrix is modeled
as
G = HD1/2, (1)
where H∈CM×N contains the fast-fading coefficients, whose entries that are independent and
identically distributed (i.i.d.) complex Gaussian random variables with zero-mean and unit-
variance denoted CN (0, 1), and D is an N×N diagonal matrix with diagonal elements given by
[D]nn=βn. Here, βn = znr−γn models both path loss and shadowing, where rn is the distance
from the nth user to the BS, γ is the decay exponent, and zn is a log-normal random variable.
For ease of expression, we denote G = [G0 G1]T , where G0 is the M0 × N channel matrix
from the users to the M0 BS antennas with full-resolution ADCs, and G1 is the M1×N channel
matrix from the users to the M1 BS antennas with low-resolution ADCs.
Let pu be the average transmitted power of each user and x be the N×1 vector of information
symbols. The received signals at the full-resolution ADCs can be given by
y0 =
√
puG0x+ n0, (2)
where n0 ∼ CN (0, I) is the additive white Gaussian noise (AWGN). The received signals at low-
resolution ADCs are quantized each with a b-bit scalar quantizer. In general, the quantization
operation is nonlinear, and the quantization error is correlated with the input signal. For a
tractable analysis, we utilize the additive quantization noise model [3] [6] that enables standard
linear processing and Gaussian decoding at the decoder. This approximation is widely used in
quantized MIMO systems and shows to have good accuracy [2], [3]. The received signals through
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4TABLE I
α FOR DIFFERENT ADCS QUANTIZATION BITS (b ≤ 5).
b 1 2 3 4 5
α 0.6366 0.8825 0.96546 0.990503 0.997501
low-resolution ADCs can be approximated by
y1 = Q (y˜1) ≈ αy˜1 + nq = √puαG1x+ αn1 + nq, (3)
where n1 ∼ CN (0, I) is the AWGN, nq is the additive Gaussian quantization noise vector that is
uncorrelated with y1, and α is a coefficient. For the non-uniform scalar minimum-mean-square-
error (MMSE) quantizer of a Gaussian random variable, the values of α are listed in Table I for
b ≤ 5. For b > 5, the values of α can be approximated by 1− pi
√
3
2
2−2b [2]. Note that α = 1 as
b→∞. From (2) and (3), the overall received signals at the BS can be expressed as
y =

y0
y1

 ≈

√puG0x + n0√
puαG1x+ αn1 + nq

 . (4)
We assume that the BS has perfect channel state information (CSI), which can potentially
be obtained, e.g., through exploiting uplink channel feedback in frequency division duplexing
systems or channel reciprocity in time division duplex systems. Furthermore, the BS adopts the
MRC linear detector, which has significantly lower computational complexity than other linear
detectors such as the zero-forcing and linear MMSE estimators. By using (4), the received signal
vector after the MRC combination is given by
r = GHy =

G0
G1


H 
√puG0x+ n0√
puαG1x + αn1 + nq

 ,
which can be further expressed as
r=
√
pu
(
GH0 G0+ αG
H
1 G1
)
x+
(
GH0 n0+αG
H
1 n1
)
+GH1 nq. (5)
From (5), the nth element of r can be expressed as
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5rn =
√
pu
(
gHn0gn0+αg
H
n1gn1
)
xn+
√
pu
N∑
i=1,i 6=n
(
gHn0gi0 + αg
H
n1gi1
)
xi+
(
gHn0n0 + αg
H
n1n1
)
+gHn1nq,
(6)
where gn0 and gn1 are the nth columns of G0 and G1, respectively.
III. ACHIEVABLE SE ANALYSIS
In this section, we derive an closed-form approximated expression for the achievable SE of
the multi-user massive MIMO uplink with the mixed-ADC receiver architecture. Based on this
derived SE result, the behaviors of the system SE with respect to several parameters are revealed
including the number of BS antennas, the user transmit power, the number of quantization bits of
the low-resolution ADCs, and the ratio of full-resolution ADCs in the mixed-ADC architecture.
According to (6), with straightforward calculations, the achievable SE of the nth user can be
expressed by
Rn=E
{
log2
(
1+
pu
∣∣gHn0gn0+αgHn1gn1∣∣2
In+|gHn0n0+αgHn1n1|2+|gHn1nq|2
)}
, (7)
where | · | stands for the absolute value operation and
In = pu
N∑
i=1,i 6=n
∣∣gHn0gi0 + αgHn1g1i∣∣2, (8)
which is the interference power.
For a rigorous analysis of the achievable SE, the probability density function (pdf) of the
SINR, which is the second term inside the log-function in (7), is needed. This rigorous analysis
is highly challenging, if not impossible, because of the complicated expression. Alternatively,
we seek for a tight approximation of the achievable SE by taking advantage of the large-scale of
the massive MIMO syetem. Our main result on the achievable SE is presented in the following
theorem.
Theorem 1. For a multi-user massive MIMO uplink with MRC and a mixed-ADC receiver, under
perfect CSI, the achievable SE of the nth user can be approximated as follows:
R˜n, log2

1 +M [α + (1− α)κ] βn1
pu
+
N∑
i=1,i 6=n
βi +
2α(1−α)(1−κ)
α+(1−α)κ βn

. (9)
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6Proof: For a large but finite M , we can use the approximation [7]: E{log2 (1 + XY )} ≈
log2
(
1 + E{X}
E{Y }
)
for independent random variables X and Y that converge to their means with
probability one as M →∞. Thus, Rn can be approximated by
R˜n=log2

1+ pu
(
E
{∣∣gHn0gn0∣∣2}+ 2αE{gHn0gn0}E{gHn1gn1}+α2E{∣∣gHn1gn1∣∣2})
I˜n + E
{‖gn0‖2}+ 2αE {‖gn0‖}E {‖gn1‖}+ α2E{‖gn1‖2}+ E{|gHn1nq|2}

 ,
(10)
where ‖ · ‖ stands for Euclidean norm and
I˜n = pu
N∑
i=1,i 6=n
(
E
{∣∣gHn0gi0∣∣2}+ 2αE{gHn0gi0}E{gHn1gi1}+α2E{∣∣gHn1gi1∣∣2}). (11)
Next, we calculate the expectation of each term. From the channel model in (1), we have
gnj =
√
βnhnj, (12)
where the entries of hnj are i.i.d. following CN (0, 1) and the subscript j equals to 0 or 1.
Moreover, hnj and hij are independent for n 6= i. Thus, with straightforward calculations, we
have E
{∣∣gHnjgnj∣∣2}=β2n (M2j +Mj), E{gHnjgnj}=βnMj , E{gHnjgij} = 0, and E{∣∣gHnjgij∣∣2} =
βnβiMj . The quantization noise term in (11) can be calculated as follows:
E
{∣∣gHn1nq∣∣2} = E{∣∣gHn1Rnqnqgn1∣∣}, (13)
where R
nq
is the covariance matrix of nq. Following the results in [2], we have
E
{∣∣gHn1nq∣∣2}=α(1−α)M1
(
βn+puβn
N∑
i=1
βi+puβ
2
n
)
. (14)
Substituting the above calculation results into (11), R˜n can be written as
R˜n = log2

1 +
pu
(
β2n
(
M2
0
+M0
)
+ 2αβ2nM0M1 + α
2β2n
[
(M −M0)2 + (M −M0)
])
pu
N∑
i=1,i6=n
(βnβiM0 + α2βnβiM1) + βnM0 + βnα2M1 + α (1− α)M1
(
βn + puβn
N∑
i=1
βi + puβ2n
)

 .
(15)
After some basic manipulations, R˜n can be simplified as the desired result.
From Theorem 1, it is obvious that the achievable SE in (9) is a function of the total number
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7of antennas M , user transmit power pu, the proportion of the number of full-resolution ADCs in
the mixed-ADC structure κ, and the number of quantization bits b. We see that he SE increases
as the user transmit power and the total number of antennas regardless of the values of κ and
α, which is a natural phenomenon consistent with the massive MIMO system. In addition, we
observe that b affects the SE through coefficient α. The value of α increases as b increases,
which boosts the achievable SE. When b→∞, the value of α converges to one, in which case
the quantization error brought by ADCs disappears, and κ affects on both the signal power and
the quantization noise power because it appears in both the numerator and the denominator of
the SINR. A higher κ not only increases the desired signal but also reduces the quantization
noise effect, which improves the achievable SE.
We start by investigating the impact of the proportion of the full-resolution ADCs on the
approximation achievable SE. By differentiating the SINR term in (9) with respect to κ and after
straightforward manipulations, we obtain ∂SINR/∂κ > 0. That is, the SINR is a monotonically
increasing function of κ. This implies that increasing the number of full-resolution ADCs benefits
the achievable SE. However, more full-resolution ADCs means higher hardware cost and power
consumption. Our result in (9) reveals the natural tradeoff between performance and cost for a
massive MIMO receiver. The following results are analyzed the two special cases of κ = 1 and
κ = 0. For the case of κ = 1, R˜n in (9) becomes
R˜n =log2
(
1 +M
βn
1
pu
+
∑N
i=1,i 6=n βi
)
. (16)
When κ = 1, all ADCs have a full resolution, which maximums hardware cost and power
consumption of system. This case considered in most existing works on massive MIMO. Our
SE result in (16) is consistent with the previous result in [7] for a full-resolution ADC massive
MIMO receiver. Moreover, the achievable SE for the κ = 1 case is the same as that in (9) for
α = 1. Both indicate the case in which all BS antennas are equipped with full-resolution ADCs,
thus having high hardware cost and power consumption. We now consider the case of κ = 1.
From (9), we obtain
R˜n=log2
(
1 +M
αβn
1
pu
+
∑N
i=1,i 6=nβi + 2 (1− α)βn
)
. (17)
When κ = 0, all ADCs have a low resolution, which brings loss of the achievable SE due to the
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8quantization error caused by low resolution ADCs. Furthermore, the result in (17) is consistent
with the conclusion in [2]. Now we consider the case of high transmitter power regime, R˜n
becomes
lim
pu→∞
R˜n=log2
(
1 +M
[α + (1− α)κ] βn∑N
i=1,i 6=n βi +
2α(1−α)(1−κ)
κ+α(1−κ) βn
)
. (18)
This shows that as the transmit power grows without bound, the SINR and achievable SE are
limited and converge to finite values. The reason is that the system becomes interference-limited
in the high transmit power regime. Both the signal power and the interference power increase
as the user power increases, whereas the noise effects diminish.
IV. NUMERICAL RESULTS
In this section, we provide simulation results on the total uplink achievable SE, which is
defined as R=
∑N
n=1Rn. The cell radius in our simulation is set as rc=1000m, the guard zone
radius is rh = 100m, the decay exponent is γ=2.1, and the shadow-fading standard deviation
is σshad =4.9 dB. We assume 10 users, which are uniformly distributed in a round cell. The
coefficient of each user’s large-fading βi (i.e., i = 1, . . . , 10) is randomly generated as follows:
{13.13, 6.49, 11.01, 4.87, 29.00, 8.69, 50.02, 96.00, 1.24, 41.04}×10−4.
In Fig. 1, the simulated total uplink achievable SE in (7) is compared with its approximation
in (9). Four cases are considered: 1) M0 = 128, M1 = 0; 2) M0 = 10, M1 = 118; 3) M0 = 0, M1
= 128; and 4) M0 = 64, M1 = 0. We can see from the figure that the approximated formula is
very tight in the the transmitter power pu<10 dB regime. The SE of all cases are close to each
other SE in the low power regime, and increases with the user transmit power. However, their
gap becomes relatively obvious in the high power regime. As expected, the system with full-
resolution ADCs has superior SE performance to that with a mixed-ADC architecture. Compared
with Case 1, the SE of Case 2 has only 4.5% loss at pu=30 dB, but Case 2 is economical as the
receiver only uses 10 full-resolution ADCs and the remaining 118 ADCs have low-resolution,
thus greatly reducing the hardware cost. Case 3 has poor performance because it adopts pure
low-resolution ADCs. We choose to show the performance of Case 4 in this figure since it as
a similar hardware cost as Case 2. The simulation shows that its achievable SE is relatively
worse because the total number of BS antennas has been reduced by half. Moreover, we discuss
the energy consumption of different cases. With the energy consumption models Pfull = 0.43M0
August 2, 2016 DRAFT
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Fig. 3. Total uplink achievable SE versus κ for fixed M = 128, N = 10 and pu = 5 dB.
Watt for full-resolution ADCs and Plow = c02bM1 + c1 for low-resolution ADCs, where bmax =
12, c0 = 10−4 Watt and c1 = 0.02 Watt [3], the total power consumptions of the four cases are
55.04, 4.4908, 0.2068, and 27.52 Watt, respectively. Comparing the power consumption between
Case 1 and Case 2, we see a great potential of the mixed-ADC architecture for effective power.
Fig. 2 presents the approximated results for the total achievable SE and the numerical results for
various numbers of quantization bits. The approximation is relatively loose when the quantization
bit of the low-resolution ADC is small, i.e., b = 2. This is because the adopted additive
quantization noise model is not tight for small b. Moreover, the figure shows that the achievable
SE increases with the number of quantization bits and converge to a limited SE with full-
resolution ADCs.
Fig. 3 depicts the approximated results for the total achievable SE against κ when b = 2, 4,
and 12 bit, respectively. The total achievable SE increases with κ. The increasing speed of the
achievable SE is much faster for smaller b. This implies that the achievable SE can be improved
by simply increasing the number of antennas with full-resolution ADCs for small b. For large
b, i.e., b = 12, the total achievable SE remains constant as the quantization error is negligible.
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V. CONCLUSION
This paper investigated the uplink achievable SE of a massive MIMO mixed-ADC architecture
and an MRC detector. Based on the additive quantization noise model for the ADC quantization,
a closed-form approximation on the achievable SE was derived. Our results revealed that the
approximated formula is very tight with the transmitter power pu < 10 dB regimes. Moreover, the
achievable SE increases with the number of BS antennas and quantization bits, and it converges
to a saturated value as the user power increases or the ADC resolution increases. We conclude
that the mixed-ADC structure can bring most of the desired performance enjoyed by massive
MIMO receivers with full perfect-resolution ADCs, but with significantly reduced hardware cost.
REFERENCES
[1] N. Liang and W. Zhang, “A mixed-ADC receiver architecture for massive MIMO systems,” available in
http://arxiv.org/pdf/1507.07290.pdf. Nov. 2015.
[2] L. Fan, S. Jin, C.-K. Wen, and H. Zhang, “Uplink achievable rate for massive MIMO systems with low-resolution ADC,”
IEEE Commun. Lett., vol. 19, no. 12, pp. 2186-2189, Dec. 2015.
[3] Q. Bai, A. Mezghani, and J. A. Nossek, “On the optimization of ADC resolution in multi-antenna systems,” in Proc. of
the Tenth Int. Symposium on Wireless Commun. Systems (ISWCS 2013), pp. 1-5, Aug. 2013.
[4] J. Mo and R. Heath, “High SNR capacity of millimeter wave MIMO systems with one-bit quantization,” in Proc. of
Information Theory and Applications (ITA) Workshop, Jun. 2014. pp. 629-635.
[5] W. Y. Zhang, “A general framework for transmission with transceiver distortion and some applications,” IEEE Trans.
Commun. , Vol. 60, No. 2, pp. 384-399, Feb. 2012.
[6] T. C. Zhang, C.-K. Wen, S. Jin, and T. Jiang, “Mixed-ADC massive MIMO detectors: Performance analysis and design
optimization,” available in http://arxiv.org/pdf/1509.07950.pdf. Dec. 2015.
[7] Q. Zhang, S. Jin, K. K. Wong, H. B. Zhu, and M. Matthaiou, “Power scaling of uplink massive MIMO systems with
arbitrary-rank channel means,” IEEE J. Sel. Topics Signal Process., vol. 8, no. 5, pp. 966-981, Oct. 2014.
August 2, 2016 DRAFT
